Discrete dislocation plasticity (DDP) analysis of the high temperature creep deformation of a single crystal Ni superalloy comprising Ni 3 Al precipitates (γ ′ ) in a Ni matrix (γ) is presented. The γ ′ precipitates remain elastic but can also deform due to the stress-driven inter-diffusion of the Al within the Ni on the γ/γ ′ interface while plastic deformation of the γ phase occurs by a combination of dislocation glide and dislocation climb coupled to the diffusion of vacancies. At relatively low applied uniaxial tensile stresses, the creep strain rates are very low in the absence of interfacial diffusion. This is due to the stress-induced pile up of dislocations at γ/γ ′ interfaces that serves to inhibit further nucleation and suppresses continued plastic flow in the γ phase. When interfacial diffusion is permitted, the creep rates not only increase but the superalloy also exhibits distinct secondary and tertiary creep regimes. While this change in behaviour is a result of interfacial diffusion, the contribution of the average γ ′ strain to the deformation of the superalloy is small. Rather, the diffusional deformation at the interface results in the development of a wavy interface which relaxes the back-stresses of dislocations piled-up at the γ/γ ′ interfaces. This permits continued dislocation activity within the γ phase with dislocations arranging themselves into low energy cell-structures in the γ phase via dislocation climb. The formation of these structures results in an increase in the creep strain rate and the onset of the tertiary creep regime. At high applied stresses, the high initial dislocation density within the γ phase results in the continued climb motion of dislocations and an evolving spatial distribution of vacancies within the superalloy. Thus, creep deformation occurs even in the absence of interfacial diffusion although the creep rates are significantly increased when interfacial diffusion is present. The DDP analysis presented here demonstrates the critical role of interfacial diffusion in controlling the creep rates of Ni superalloys and suggests that interface engineering to reduce interfacial diffusion rates will aid in improving the creep performance of these alloys.
Introduction
The creep response of nickel-based single crystal superalloys often controls the service life of blades used in aircraft and gas turbine engines. Their microstructure can be very crudely approximated as a two-phase brick-and-mortar composite comprising a high volume fraction of the strengthening Ni 3 Al precipitate (denoted γ ′ ) in a single crystal Ni matrix (denoted γ). Moreover, a number of alloying elements are added to enhance relevant properties. For example, Cr and Co are added to improve environmental resistance while Mo, W, Re and possibly Ru added for creep strengthening; see Pollock and Tin [1] for further details. Thus, these alloys have complex microstructures and chemical compositions that largely are chosen by extensive experimental testing and metallurgical rules-of-thumb derived from experience. More recently, the desire to improve the design methodologies of these alloys has led to significant advances connecting micro-scale mechanisms to macro-scale deformation of precipitate-strengthened alloys [2] and thereby models for the composition dependence of the creep deformation behaviour of nickel-based superalloys [3] . However, most of these models employ a number of empirical relations (e.g. the Orowan equation) with the applicability of such macroscopic relations in the nano-meter size γ channels remaining unclear.
The creep deformation behavior of superalloy single crystals varies substantially over the relevant range of stress and temperature for these materials [1, 4] . At low temperature and high stress (T <∼ 800
• C and applied stress >∼ 700 MPa) dislocation shearing of the ordered precipitates is prominent and primary creep strains are a dominant feature of the creep curve. At high temperature and low stress (T >∼ 1000
• C and applied stress <∼ 200 MPa) stress-induced directional coarsening occurs, converting individual precipitates into high aspect ratio plates ("rafts") that obstruct the dislocation glide in the matrix. Under these conditions, a brief, low strain primary creep transient is followed by an extended period of steady state creep. Over the wide remaining intermediate temperature and stress range, primary creep strains are limited and creep rates continuously accelerate, with an extended tertiary transient that is not influenced by creep damage (voids, cracks, recrystallization) until the very late stages of life. In this particularly important intermediate regime the stresses are lower than that necessary to cut the γ ′ precipitates but the temperature 2 is high enough so that primary creep is precluded, thus dislocations glide through the γ phase and are then obstructed by the γ/γ ′ interfaces. Plastic flow rates are thus controlled by the climb rate of dislocations, with a limited influence of solutes on the glide processes. Therefore, the creep response of the brick-and-mortar superalloy microstructure is controlled by the climb-assisted glide of dislocations which to date remains poorly understood. In addition, the development of a wavy γ/γ ′ interface during creep deformation in the tertiary regime has also been reported; see for example [5, 6] . This has been attributed to the inter-diffusion of the Al in the vicinity of the γ/γ There have been significant advances in discrete dislocation plasticity (DDP) modelling approaches wherein plastic flow is via climb-assisted glide motion of dislocations. For example Raabe [7] outlined a formulation for including climb in discrete dislocation calculations and then employed this idea to model creep of nickel-based superalloys in [8] . Subsequently, Davoudi et al. [9] and Danas and Deshpande [10] extended these ideas to enable the solution of boundary value problems. However, all these studies have used some version of a drag-type relation for the climb motion of dislocations based on the quasi steady-state solution of Hirth and Lothe [11] . There have been two augmentations for these approaches: while Keralavarma et al. [12] developed a coarse-graining technique to incorporate diffusion of vacancies in determining the climb velocity of dislocations which enabled them to carry out DDP simulations over times on the order of hours, Ayas et al. [13] developed a methodology to solve the fully coupled dislocation motion and vacancy diffusion problem that demonstrates the importance of co-operative climb of dislocations with vacancies being exchanged by neighbouring climbing dislocations.
Moreover, the ability to solve boundary value problems using these DDP methodologies has more recently enabled Shishvan et al. [14] to predict the high temperature tensile response of two phase composites wherein dislocation motion in the matrix is via climb-assisted glide with the inclusions deforming by a combination of bulk elasticity and interfacial diffusion. Thus, in principle, the numerical tools to use DDP to predict the creep response of nickel-based superalloys including the effect of the inter-diffusion of the Al at the γ/γ ′ interface now exist.
Here, we present a DDP analysis of the onset of tertiary creep mode in nickel-based superalloys 3 with the focus being on the role of the deformation at the γ/γ ′ interface via interfacial diffusion.
The outline of the paper is as follows. First, we briefly describe the DDP framework of modelling superalloys including the effects of interfacial diffusion. Second, we discuss parameters used in the DDP calculations to represent the Ni superalloys and the temporal scaling of the DDP calculations in order to simulate deformation on the time scale of 1000 hrs. Finally, the DDP predictions are detailed with an emphasis on the mechanisms that govern the onset of tertiary creep regime in the superalloys.
DDP modelling of superalloys
DDP has been used extensively to analyse the deformation of composites comprising elastic particles in a single crystal matrix. In early studies such as the pioneering work of Cleveringa et al. [15] , plastic deformation within the matrix was restricted to occur by only the glide motion of dislocations. More recently, Ayas et al. [16] extended this formulation such that matrix deformation is via both the glide and climb motion of dislocations and subsequently Shishvan et al.
[14] incorporated the effect of deformation due to interfacial diffusion between the two phases of the composite. Here we shall employ the interfacial diffusion framework of Shishvan et al. [14] to investigate the creep response of nickel-based superalloys. However, unlike in both [16] and [14] where the dislocation climb velocity was modelled by a drag-type relation, we use the coupled framework of Ayas et al. [13] wherein climbing dislocations are treated as line sources/sinks of vacancies with the climb rate of dislocations dependent on the local vacancy concentrations.
As demonstrated in [13] by ivestigating tension and bending of single crystals, the simpler formulation of drag-type relation slightly over-predicts the effect of dislocation climb, though the predictions are qualitatively similar. Therefore, it is preferred to employ the climb coupled with vacancy diffusion formulation [13] .
We consider a two-dimensional (2D) plane-strain situation with deformation constrained in the x 1 − x 2 plane. Consistent with the plane-strain condition, only straight edge dislocations perpendicular to the plane of deformation are considered (the dislocation lines are parallel to the x 3 axis). The 2D unit cell of nickel-based superalloy analysed here is sketched in Fig. 1a : the brickand-mortar micro-structure comprises a continuous Ni matrix (γ) and identical rectangular Ni readers are referred to [13, 14] for further details. 
where σ n is the normal stress on the γ/γ ′ interface. Here, following Needleman and Rice [17] , we have neglected the strain energy contribution to the chemical potential. Then, in the 2D context under consideration here, the volumetric flux j(ξ) of Al along the γ/γ ′ interface is
where ξ is a local co-ordinate along the γ/γ 
where k is the Boltzmann constant and T is the absolute temperature. This mass transport results in the interpenetration of the γ and γ ′ phases and can be expressed as a normal velocity discontinuity ∆v n between the γ ′ and γ phases. Mass conservation then dictates ∆v n to be
while we assume perfect bonding between the γ and γ ′ phases such that there is no relative sliding at the γ/γ ′ interface. Moreover, mechanical equilibrium requires traction continuity across the γ/γ ′ interface and we enforce this via the solution of an appropriate DDP boundary value problem as described subsequently.
The discrete dislocation plasticity model
We consider a nickel-based superalloy subjected to uniaxial tension. Dislocation nucleation and motion takes place within the γ phase on the slip systems oriented at angles ϕ The periodic unit cell is assumed to be rectangular with dimensions (h/ tan ϕ) × h as shown in and occupy a volume fraction V f in the unit cell. Their aspect ratio w γ ′ /h γ ′ is chosen such that for the given V f the widths of the vertical and horizontal γ channels are equal. The volume fraction V f = 0.7 is used in all the calculations reported here and the above constraint then specifies the precipitate aspect ratio to be w γ ′ /h γ ′ ≃ 0.84. We note in passing that the arrangement of the γ ′ particles is not an issue in the present composite with narrow γ channels and the arrangement shown in Fig. 1a was adopted following earlier DDP studies [15, 16] . Uniaxial tension with periodic boundary conditions is specified such that the difference in the displacement rates ∆u i of 6 points separated by a position vector ∆x j on opposite boundaries of the unit cell is
whereε i j is the macroscopic strain rate. Correspondingly, periodicity also dictates that the tractions T i at these corresponding locations on opposite boundaries of the unit cell are equal and opposite. The work-conjugate macroscopic stressesΣ i j toε i j follow from the boundary tractions
where C is the boundary of the unit cell and uniaxial creep loading in the x 2 direction is imposed by requiring thatΣ 11 =Σ 12 = 0 whileΣ 22 is held fixed at the specified applied stressΣ In DDP, the dislocations are treated as line defects in an otherwise elastic continuum with plasticity an outcome of the motion of these dislocations by a combination of glide and climb. While the long-range interactions of dislocations are captured by the linear elastic fields, the short-range interactions are incorporated through a set of constitutive rules introduced by Van der Giessen and
Needleman [18] in the context of glide-only motion of dislocations and subsequently modified to include climb motion in [10, 13] . These constitutive rules are governed by the glide and climb components of the Peach-Koehler (P-K) force on each dislocation I denoted by f c is more involved as it is dependent on the distribution of vacancies in the gamma phase. Here we follow the formulation introduced in [13] for the coupled high temperature vacancy diffusion and dislocation motion problem. For the sake of completeness, we briefly describe this formulation in the context of this superalloy problem.
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The climb velocity v (I) c of dislocation I is set by the fluxṄ (v) of vacancies into the dislocation core such that mass conservation gives
where some. Either a coarse-graining technique [19] or a superposition principle [13] can be used to solve the governing diffusion equation. Here, we adopt the superposition principle introduced in [13] which involves employing the analytical solution for a point source in an infinite medium and then correcting for the boundary conditions. In this case of the periodic problem under consideration here, we correct for the boundary conditions by including images for each source/sink from eight neighbouring cells: numerical tests confirmed that these eight images were sufficient to resolve the vacancy fields to within 95% accuracy. It is the local vacancy concentration that determines the climb velocity of dislocations and the employed method to satisfy the periodic boundary conditions introduces very minor errors. However, note that each climbing dislocation leaves a trail of point vacancy sources and sinks. Thus, the number of vacancy sources/sinks increases rapidly in the calculation and including all of them in the numerical superposition becomes computationally prohibitive. In order to reduce the numerical cost, we delete a source/sink at a time h 2 /(4D (v) ) after 8 its nucleation: by this time the large gradients associated with the point source/sink have decayed and in fact the vacancy field associated with this source/sink is nearly uniform over the unit cell.
Hence beyond this time we uniformly distribute the vacancy field of this source/sink over the unit cell by incrementing c 0 and no longer include it in the numerical superposition.
The material is assumed to be initially dislocation-free but dislocation sources with an areal density ρ nuc are randomly distributed through the γ phase with equal numbers on both slip systems. 
Temporal scaling of DDP calculations and material parameters
Nickel-based superalloys display creep strain rates in the rangeε c = 10 
10 Now consider the time for the Al to diffuse between dislocations near the interface (referred to as the interfacial diffusion time). Since the interfacial stresses are dependent on the local dislocation structure, they scale with the Young's modulus E and thus a representative time for interfacial diffusion is ℓ 3 /(D (i) E). Then, the ratio of the interfacial diffusion to loading time is
In order to ensure that the dominant deformation mechanisms of the scaled DDP calculations are the same as in the creep experiments, we require that the non-dimensional time constants τ (v) and
are equal in the experiments and DDP calculations. Since we are only performing a temporal scaling, we shall use ℓ and E values in the simulations appropriate for nickel-based superalloys.
Thus, the scaling requirement reduces to
where the superscripts EXP and DDP denote the quantities in experiments on Ni superalloys and DDP simulations, respectively. Thus, λ ≡ε DDP /ε EXP represents a speed-up factor in the DDP simulations compared to the experiments. It should be emphasised that there is no any spatial scaling in the present model which ensures that the temporal scaling to be pursued as explained above. It follows that the time t in the DDP calculations is related to time t A discussion on the DDP calculations will be given in Section 4.3 in connection with results obtained.
Reference parameters
Scaling is only employed on parameters related to the diffusion properties of the nickel-based superalloys. We thus first detail the unscaled parameters and then explain the choice of the diffusion constants based on the temporal scaling described above. The γ and γ ′ phases are assumed to be elastically identical and isotropic with E = 100 GPa and ν = 0.37. Plasticity is constrained to the γ phase which is initially dislocation-free but contains randomly distributed dislocation sources with density ρ nuc on planes spaced at a distance s = 100b apart. The strength of dislocation sources is set by the Orowan stress to bow a dislocation loop through the γ channels. Assuming a channel width of 90 nm, this Orowan stress is ∼ 100 MPa and thus the strength of each source is selected from a Gaussian distribution with a meanτ nuc = 100 MPa and a standard deviation of 2 MPa while the nucleation time for all sources is taken as t nuc = 10 ns. Calculations with ρ nuc = 300, 500 and 800 µm and following Ayas et al. [13] we take the dislocation capture radius to be r c = 50b. The choice for the temperature at which the simulations are carried out is based on the experimental data (e.g. [20, 21] ) where this temperature was employed to investigate tertiary creep in commercially important nickel-based superalloys. It now remains to specify the scaled diffusion parameters ) . However, to account for the uncertainty in the value of D b we also present some parametric studies to illustrate the effect of interfacial diffusion.
These studies are presented in terms of the non-dimensional group 
Results and discussion
We now proceed to present numerical predictions for the creep response of nickel-based superalloys using the formulation and material properties detailed above. The creep calculations were performed in two steps. In step 1, a constant strain rate uniaxial tensile calculation was performed by applying strain rate of 0.4 × 10
until the work-conjugate tensile stressΣ 22 Results are presented for two values ofΣ app specified asΣ ≡Σ app /τ nuc = 3.8 and 6.1 which are subsequently referred to as the low and high applied stress cases, respectively. It should be noted that the flow strength of these superalloys is predicted to be (6 ∼ 8) ×τ nuc , as evident from stress-strain curves presented in Appendix A.
Low applied stress
In this section we discuss the predictions of the creep response of the superalloys for the low applied normalised stressΣ = 3. Tertiary creep has been extensively reported in the literature [4] for nickel-based superalloys and often the transition to tertiary creep is attributed to damage mechanisms such as void growth and interface damage; see for example [24, 25] . However, experimentally it is apparent that no significant damage (voids, cracks or recrystallization) occurs until strains in excess of ∼ 5% are accumulated [26] . For this reason such damage mechanisms are absent in our calculations and thus it is instructive to examine the source of the tertiary response predicted here.
The temporal evolution of the dislocation density ρ dis in the γ phase (ρ dis is defined as the ratio of the number of dislocations in the γ phase to the area of the γ phase) for the results in Fig. 2a is included in Fig. 2c . Clearly the rate of increase in ρ dis increases with increasing D and ρ nuc and it is likely that the higher dislocation densities result in the higher creep strain rates seen in Fig. 2b .
There is one exception to this: for the highest source density and in the absence of interfacial diffusion, a steady-state creep behaviour is predicted while the dislocation density remains almost
constant. Detailed investigations demonstrate that this behaviour can be rationalised by assuming that dislocation annihilation and multiplication are operating at rates which are balanced so that the dislocation density is constant. While such a steady-state creep behaviour is typically observed in pure nickel [4] , the high source density used here for the superalloy has caused this behavior to occur.
In order to understand the effect of the higher dislocation densities, the dislocation structures for a single realisation of the ρ nuc = 500 µm To illustrate the deformation due to dislocation climb in the γ phase we define an average strain This reveals that the increase in creep rate of the superalloy is due to an increasing deformation rate of the γ phase due to dislocation climb 1 . We emphasise that the strain-like measure (12) cannot differentiate between extra plastic strain due to enhanced climb of each dislocation and increased plastic strain due to a larger number of climbing/gliding dislocations being present. While we expect that the higherε c in the D = 0.1 case is mainly due to more dislocations being generated, the DDP calculations cannot directly confirm this.
In fact, unlike in continuum plasticity predictions [30] of the deformation of composites in the presence of interfacial diffusion, the elongation of the γ ′ precipitates due to interfacial diffusion has only a small contribution to the increasing creep strain of the superalloy. To illustrate this we define a measure of average strain within the γ
where A γ ′ and C γ ′ are the area and perimeter, respectively, of the precipitate, U superalloy with D = 0.1 (i.e. the case in Fig. 3b ). Interfacial diffusion is seen to be able to cause surface perturbations in the γ ′ precipitates on the order of 10b − 20b (or ∼ 5% of the γ phase channel size). Indeed, waviness of the γ/γ ′ interfaces of this order has been experimentally observed in nickel-based superalloys subjected to creep deformation at temperatures below which rafting occurs; see for example [5, 6, 31, 32] .
Indeed, Vorontsov et al. [6] argue that the serration of the interface is a result of inter-diffusion of the Al in the Ni driven by the elastic strain energy of the dislocations near the γ/γ ′ interface:
the DDP calculations presented here capture this mechanism. These local deformations of the interface relax the stresses within the γ channels allowing for continued nucleation of dislocations similar to that reported by Danas et al. [33] in the context of a single crystal sheared between compliant (elastic) platens. The continued nucleation of dislocations results in a high dislocation density (cf. Fig. 2c ) with dislocation climb enabling the arrangement of these dislocations first into low energy wall structures and then cell structures with increasing dislocation density. The cell walls provide pathways for easy dislocation climb and we attribute the increasing creep strain rate to this dislocation structure formation in the γ phase. 
High applied stress
All results presented so far are for the applied normalised stressΣ = 3.8 and suggest that the creep strain rates are very low in the absence of interfacial diffusion. We proceed now to investigate the effect of applying a higher normalised stress levelΣ = 6.1 with the creep strain Fig. 8b which shows the temporal evolution ofε c for the cases included in Fig. 8a . Now unlike for the low applied stress case (cf. Fig. 5 ), the average strain due to dislocation climb in the γ phase continues to increase with time even when D = 0.
In theΣ = 3.8 case with the absence of interfacial diffusion, dislocations are primarily present at the γ/γ ′ interface and we argue that the back-stresses of these dislocations inhibit continued dislocation nucleation and creep deformation of the γ phase. To understand how this changes for the higher applied stress level, we include in Fig. 9 the dislocation structures in the ρ nuc = 500 µm −2 superalloy subjected toΣ = 6.1 at three selected times t creep for the no interfacial diffusion case (D = 0). Very early in the deformation history (t creep = 14 hrs), similar to Fig. 3a , we see dislocations piled-up against the γ/γ ′ interface. However, unlike in Fig. 3a , dislocations are also observed throughout γ phase. These dislocations are able to move by a combination of glide and climb resulting in deformation of the γ phase and consequently also the superalloy. Moreover, the evolving dislocation structure implies the stresses on the dislocation sources also evolve resulting in further dislocation nucleation. In fact, a relatively high dislocation density develops within the γ phase by t creep = 700 hrs and dislocation climb enables these dislocations to arrange themselves into low energy cell structures. Thus, unlike withΣ = 3.8, now dislocation cell structures develop withΣ = 6.1 even in the absence of interfacial diffusion and these cell structures increase the creep strain rate of the superalloy. We note in passing that the deformations of the central precipitate shown in Fig. 9 are solely a result of bulk elastic deformations at this high applied stress level.
Thus, while a reduction in the interfacial diffusion constant reduces or even switches off creep at low applied stress levels, dislocation climb and associated creep occurs for higher applied stress levels even in the absence of interfacial diffusion. The DDP calculations thus predict that interfacial diffusion serves to increase creep strain rates at any given applied stress due to deformations of the γ/γ ′ interface.
Discussion on DDP calculations
The results presented here for creep of superalloys have been obtained via the climb-ebabled DDP framework developed in [13] to consider coupling of vacancy diffusion and dislocation climb. This framework has certain similarities to the formulation developed in [12, 19] for hightemperature DDP. To be specific, the climb velocity of dislocations is calculated through the expressions (7)- (8) in both formulations. However, while the framework of Ayas et al. [13] captures the co-operative motion of dislocations as it containes the full dynamics of discrete dislo-cations (i.e. climb and glide) in a single time-frame, the formulation of Keralavarma and Benzerga [19] employs a staggered solution methodology in two time-frames with application of a coarse-graining technique. Because of significant differences between glide and climb velocities of dislocations, performing simulations via framework in [13] using "real" vacancy diffusion constant becomes unfeasable whereas the formulation in [19] makes it come true with the fact that the co-operative motion of dislocations is overlooked. Appendix A. Uniaxial stress-strain responses Figure 10 shows the uniaxial stress-strain curves predicted by DDP for the superalloy subjected to constant strain reate of 0.4×10
. It is illustrated that the flow strength of superalloys is (6 ∼ 8) ×τ nuc dependent on the dislocation source density and the interfacial diffusion constant. This 21 is significantly higher than the matix flow strength (the same as it's low yield stress due to lack of hardening in pure γ phase) which is estimated to be approximately 2×τ nuc by using a Schmid factor of 0.5 sin 2ϕ. Moreover, it should be emphasised that the values of source densities employed in the simulations are chosen based on the fact that, considering the value ofτ nuc = 100MPa used in simulations, the flow strength level of model superallys is to be similar to strength of commertially important nickel-based superalloys [4] . 
